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Abstract
As far as the renormalization in perturbative QCD is concerned the n-point one particle ir-
reducible (1PI) proper vertex function is the basic building block where the ultra-violet (UV)
divergence occurs when the loop momentum integration limit goes to infinity. In this paper we
express the S-matrix element for the gg → ggg scattering process at all orders in coupling constant
in terms of 5-point, 4-point, 3-point 1PI proper vertex functions and the (full) propagator by using
the path integral formulation of QCD.
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I. INTRODUCTION
In quantum field theory one of the main aim is to calculate the scattering cross section
which is experimentally measured. The scattering cross section can be calculated from
the S-matrix element. In QCD the generating functional in the path integral formulation
yields the connected green’s function of the parton at all orders in coupling constant. This
connected green’s function can be used in the LSZ reduction formula to predict the S-matrix
element for the partonic scattering process in QCD at all orders in coupling constant.
Consider for example the 2→ n partonic scattering process
k1 + k2 → k
′
1 + k
′
2 + ... + k
′
n (1)
in QCD where k1, k2 are the four-momenta of incoming gluons and k
′
1, k
′
2, ..., k
′
n are the four-
momenta of outgoing gluons. The initial state |i > and the final state f > for the above
scattering process are given by
|i >= |k1, k2 >, |f >= |k
′
1, k
′
2, ..., k
′
n > . (2)
In this paper we will neglect the quarks but the inclusion of quarks is straightforward.
By using the LSZ reduction formula, the S-matrix element for the partonic scattering
process in eq. (1) at all orders in coupling constant in QCD is given by
< f |i >= [G(−k′1)]
−1[G(−k′2)]
−1...[G(−k′n)]
−1[G(k2)]
−1[G(k1)]
−1G(−k′1,−k
′
2, ...,−k
′
n, k1, k2)
(3)
where G(k) is the renormalized (full) propagator of gluon in momentum space and
G(k1, ..., kn) is the renormalized n-point connected green’s function of gluon in the mo-
mentum space. In eq. (3) [and throughout this paper] the suppression of color and Lorentz
indices is understood. For simplicity we have included the finite factors such as the relevant
sum over polarization vectors and color factors in the partonic cross section
σˆ ∝ | < f |i > |2 (4)
instead of the S-matrix element in eq. (3) so that the S-matrix element in eq. (3) is expressed
in terms of the green’s functions only.
In perturbative quantum chromodynamics (pQCD) the ultra violet (UV) divergence oc-
curs in the calculation of loop diagram when the momentum integration limit goes to infinity.
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The renormalization program is introduced to handle the UV divergence in pQCD [1, 2].
One finds that the one particle irreducible (1PI) diagram is the basic building block in pQCD
where the UV divergence occurs when the loop momentum integration limit goes to infinity.
Hence as far as renormalization is concerned it is sufficient to study the UV divergence of
the the N-point one particle irreducible (1PI) proper vertex function Γ[k1, ..., kN ] in QCD.
From this point of view, as far as the renormalization of the S-matrix element is concerned,
it is useful to express the S-matrix element in eq. (3) in terms of the N-point 1PI proper
vertex functions Γ¯[k1, ..., kN ] instead of the n-point connected green’s function G(k1, ..., kn)
at all orders in coupling constant where N ≤ n.
In coordinate space the eq. (3) can be written as
< f |i >=
∫
d4x′1...
∫
d4x′n
∫
d4x2
∫
d4x1 e
ik′
1
·x′
1
+...+ik′n·x
′
n−ik2·x2−ik1·x1
∫
d4y′1...
∫
d4y′n
∫
d4y2
∫
d4y1
×[G(x′1, y
′
1)]
−1...[G(x′n, y
′
n)]
−1[G(x2, y2)]
−1[G(x1, y1)]
−1 G(y′1, ..., y
′
n, y2, y1) (5)
where G(x1, x2) is the renormalized (full) propagator of gluon in coordinate space and
G(x1, ..., xn) is the renormalized n-point connected green’s function of gluon in coordinate
space. Note that eq. (5) is suitable to study factorization of infrared (IR) and collinear
divergences in QCD at all orders in coupling constant [3–5].
It can be mentioned here that the 2-point 1PI vertex function Γ[x1, x2] is the inverse
of the (full) propagator (the 2-point connected Green’s function G(x1, x2)) and the 3-point
connected green’s function G(x1, x2, x3) is expressed in terms of the 3-point 1PI vertex
function Γ[x1, x2, x3] by adding (full) propagators to the external legs [6]. Similarly, the
4-point connected green’s function G(x1, x2, x3, x4) is expressed in terms of the 4-point 1PI
vertex function Γ[x1, x2, x3, x4] and the 3-point 1PI vertex function Γ[x1, x2, x3] and the (full)
propagator G(x1, x2) [6].
In this paper we express the 5-point connected green’s function G(x1, x2, x3, x4, x5) of
gluon in terms of the 5-point 1PI vertex function Γ[x1, x2, x3, x4, x5] and the 4-point 1PI
vertex function Γ[x1, x2, x3, x4] and the 3-point 1PI vertex function Γ[x1, x2, x3] and the
(full) propagator G(x1, x2) at all orders in coupling constant by using the path integral
formulation of QCD.
We also perform our calculation in the momentum space and express the 5-point con-
nected green’s function G(k1, k2, k3, k4, k5) of gluon in terms of the 5-point 1PI proper vertex
function Γ¯[k1, k2, k3, k4, k5] and the 4-point 1PI proper vertex function Γ¯[k1, k2, k3, k4] and
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the 3-point 1PI proper vertex function Γ¯[k1, k2, k3] and the (full) propagator G(k) at all
orders in coupling constant by using the path integral formulation of QCD, see eq. (16). We
use this in the LSZ reduction formula and express the S-matrix element for the gg → ggg
scattering process at all orders in coupling constant in QCD in terms of 5-point, 4-point,
3-point 1PI proper vertex functions and the (full) propagator.
We will provide a derivation of eq. (16) in this paper.
The paper is organized as follows. In section II we describe the generating functional
Z[J, η, η¯] in QCD in the path integral formulation. In section III we obtain the n-point
connected green’s function G(x1, ..., xn) and the n-point 1PI vertex function Γ[x1, ..., xn] of
gluon from the generating functional in QCD by using the the path integral formulation.
In section IV we express 5-point connected Green’s function of gluon in terms of 5-point,
4-point, 3-point 1PI vertex functions and the (full) propagator in coordinate space at all
orders in coupling constant in QCD. In section V we express 5-point connected Green’s
function of gluon in terms of 5-point, 4-point, 3-point 1PI proper vertex functions and the
(full) propagator in momentum space at all orders in coupling constant in QCD. In section
VI we use this in the LSZ reduction formula and express the S-matrix element for the
gg → ggg scattering process at all orders in coupling constant in QCD in terms of 5-point,
4-point, 3-point 1PI proper vertex functions and the (full) propagator. Section VII contains
conclusion.
II. GENERATING FUNCTIONAL IN THE PATH INTEGRAL FORMULATION
OF QCD
We denote the gluon field by Qµa(x) where µ = 0, 1, 2, 3 is the Lorentz index and a =
1, ..., 8 is the color index. In the path integral formulation the generating functional Z[J, η, η¯]
in QCD is given by [7]
Z[J, η, η¯] =
∫
[dψ¯][dψ][dQ] det(
δ∂µQdµ
δωe
)
×ei
∫
d4x[− 1
4
F d
2
µν [Q]−
1
2α
(∂µQµd(x))2+ψ¯(x)[iγµ∂µ+gT dγµQdµ(x)−m]ψ(x)+ψ¯(x)·η(x)+η¯(x)·ψ(x)+J(x)·Q(x)]
(6)
where α is the gauge fixing parameter and
F d
2
µν [Q] = [∂µQ
d
ν(x)− ∂νQ
d
µ(x) + gf
dbcQbµ(x)Q
c
ν(x)]
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×[∂µQνd(x)− ∂νQµd(x) + gf daeQµa(x)Qνe(x)]. (7)
In eq. (6) the determinant det(
δ∂µQdµ
δωe
) can be expressed in terms of the path integration over
the ghost fields but we will directly work with det(
δ∂µQdµ
δωe
) in eq. (6). The external source to
the quark field ψi(x) is η¯i(x) and the external source to the gluon field Q
µa(x) is Jµa(x).
The n-point connected green’s function G(x1, ..., xn) and the n-point 1PI vertex function
Γ[x1, ..., xn] of gluon at all orders in coupling constant in QCD can be generated from the
generating functional in eq. (6) by using the path integral formulation of QCD.
III. N-POINT CONNECTED GREEN’S FUNCTION OF GLUON AND THE N-
POINT 1PI VERTEX FUNCTION OF GLUON IN QCD
As mentioned above the n-point green’s function G(x1, ..., xn) of gluon at all orders in
coupling constant in QCD can be obtained from the generating functional in eq. (6) by
using the path integral formulation of QCD. From eq. (6) we find that the n-point connected
Green’s function G(x1, ..., xn) of gluon at all orders in coupling constant in QCD is given by
G(x1, ..., xn) =
1
in−1
δnW [J, η, η¯]
δJ(x1)...δJ(xn)
|η=η¯=J=0 (8)
where W [J, η, η¯] is related to Z[J, η, η¯] in eq. (6) via the equation
W [J, η, η¯ = −i lnZ[J, η, η¯]. (9)
The n-point Green’s function of gluon in QCD obeys the invariance
G(x1, x2, ..., xn) = G(x1 + y, x2 + y, ..., xn + y). (10)
From eq. (9) we find that the effective action functional in QCD is given by
Γ[< Q >,< η >,< η¯ >] = W [J, η, η¯]−
∫
d4x[J(x)· < Q(x) > +η¯(x)· < ψ(x) > + < ψ¯(x) > ·η(x)]
(11)
which generates the n-point 1PI vertex function Γ[x1, ..., xn] of gluon at all orders in coupling
constant in QCD given by
Γ[x1, ..., xn] =
1
in−1
δnΓ[< Q >,< η >,< η¯ >]
δ < Q(x1) > ...δ < Q(xn) >
|<Q>=<η>=<η¯>=0 (12)
where
< Q(x) >=
δW [J, η, η¯]
δJ(x)
, < ψ(x) >=
δW [J, η, η¯]
δη¯(x)
, < ψ¯(x) >=
δW [J, η, η¯]
δη(x)
. (13)
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IV. 5-POINT CONNECTED GREEN’S FUNCTION AND THE 5-POINT, 4-
POINT AND 3-POINT 1PI VERTEX FUNCTIONS OF GLUON IN COORDINATE
SPACE
As mentioned in the introduction the 2-point 1PI vertex function Γ[x1, x2] is the inverse
of the (full) propagator (the 2-point connected Green’s function G(x1, x2)) and the 3-point
connected green’s function G(x1, x2, x3) is expressed in terms of the 3-point 1PI vertex
function Γ[x1, x2, x3] by adding (full) propagators to the external legs in [6] which can be
easily verified from eqs. (8) and (12). Similarly, the 4-point connected green’s function
G(x1, x2, x3, x4) is expressed in terms of the 4-point 1PI vertex function Γ[x1, x2, x3, x4] and
the 3-point 1PI vertex function Γ[x1, x2, x3] and the (full) propagator G(x1, x2) in [6] which
can be verified from eqs. (8) and (12).
In this section we will express the 5-point connected green’s function G(x1, x2, x3, x4, x5)
of gluon in terms of the 5-point 1PI vertex function Γ[x1, x2, x3, x4, x5] and the 4-point 1PI
vertex function Γ[x1, x2, x3, x4] and the 3-point 1PI vertex function Γ[x1, x2, x3] and the (full)
propagator G(x1, x2) at all orders in coupling constant in QCD.
As discussed in the previous section, in the path integral formulation of QCD, the n-
point connected Green’s function G(x1, ..., xn) of gluon at all orders in coupling constant
in QCD is given by eq. (8) and the n-point 1PI vertex function Γ[x1, ..., xn] of gluon at all
orders in coupling constant in QCD is given by eq. (12). Hence after doing a lengthy but
straightforward calculation we find from eqs. (8) and (12) that
G(x1, x2, x3, x4, x5) =∫
d4x′1
∫
d4x′2
∫
d4x′3
∫
d4x′4
∫
d4x′5G(x1, x
′
1)G(x2, x
′
2)G(x3, x
′
3)G(x4, x
′
4)G(x5, x
′
5)Γ[x
′
1, x
′
2, x
′
3, x
′
4, x
′
5]
+
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4w1
∫
d4w2
∫
d4w3[
G(x1, w1)G(x5, w2)G(x, w3)Γ[w1, w2, w3]G(x2, y)G(x3, z)G(x4, w)Γ[x, y, z, w]
+G(x1, w1)G(x2, w2)G(y, w3)Γ[w1, w2, w3]G(x5, x)G(x3, z)G(x4, w)Γ[x, y, z, w]
+G(x1, w1)G(x3, w2)G(z, w3)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(x4, w)Γ[x, y, z, w]
+G(x1, w1)G(x4, w2)G(w,w3)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(x3, z)Γ[x, y, z, w]
+G(x1, x)G(x5, y)G(x2, z)Γ[x, y, z, w]G(w,w1)G(x3, w2)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x2, w2)G(y, w3)Γ[w1, w2, w3]G(x1, x)G(x3, z)G(x4, w)Γ[x, y, z, w]
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+G(x1, x)G(x5, y)G(x3, z)Γ[x, y, z, w]G(x2, w1)G(w,w2)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x3, w2)G(z, w3)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x4, w)Γ[x, y, z, w]
+G(x1, x)G(x5, y)G(x4, z)Γ[x, y, z, w]G(x2, w1)G(x3, w2)G(w,w3)Γ[w1, w2, w3]
+G(x5, w1)G(x4, w2)G(w,w3)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x3, z)Γ[x, y, z, w]]
+
∫
d4x
∫
d4y
∫
d4z
∫
d4w
∫
d4w1
∫
d4w2
∫
d4w3
∫
d4y′
∫
d4z′[
G(x1, w1)G(x5, w2)G(x, w3)Γ[w1, w2, w3]G(x2, y)G(x3, z)G(x4, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]
+G(x1, w1)G(x2, w2)G(y, w3)Γ[w1, w2, w3]G(x5, x)G(x3, z)G(x4, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]
+G(x1, w1)G(x3, w2)G(z, w3)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(x4, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]
+G(x1, w1)G(x4, w2)G(w,w3)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(x3, z)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]
+G(x1, x)G(x5, y)G(x2, z)G(w1, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]G(x3, w2)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x2, w2)G(y, w3)Γ[w1, w2, w3]G(x1, x)G(x3, z)G(x4, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]
+G(x1, x)G(x5, y)G(x3, z)G(w2, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]G(x2, w1)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x3, w2)G(z, w3)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x4, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]
+G(x1, x)G(x5, y)G(x4, z)G(w3, w)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]G(x2, w1)G(x3, w2)Γ[w1, w2, w3]
+G(x5, w1)G(x4, w2)G(w,w3)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x3, z)Γ[x, y, y
′]G(y′, z′)Γ[z′, z, w]
+G(x1, w1)G(x5, w2)Γ[w1, w2, w3]G(w3, x)G(x2, y)G(x3, z)G(x4, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]
+G(x1, w1)G(x2, w2)G(y, w3)Γ[w1, w2, w3]G(x5, x)G(x3, z)G(x4, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]
+G(x1, w1)G(x3, w2)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(w3, z)G(x4, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]
+G(x1, w1)G(x4, w2)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(x3, z)G(w3, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]
+G(x1, x)G(x5, y)G(x2, z)G(w1, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]G(x3, w2)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x2, w2)Γ[w1, w2, w3]G(x1, x)G(w3, y)G(x3, z)G(x4, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]
+G(x1, x)G(x5, y)G(x3, z)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]G(x2, w1)G(w,w2)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x3, w2)G(z, w3)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x4, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]
+G(x1, x)G(x5, y)G(x4, z)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]G(x2, w1)G(x3, w2)G(w,w3)Γ[w1, w2, w3]
+G(x5, w1)G(x4, w2)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x3, z)G(w3, w)Γ[x, z, y
′]G(y′, z′)Γ[y, z′, w]
+G(x1, w1)G(x5, w2)G(x, w3)Γ[w1, w2, w3]G(x2, y)G(x3, z)G(x4, w)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]
+G(x1, w1)G(x2, w2)G(y, w3)Γ[w1, w2, w3]G(x5, x)G(x3, z)G(x4, w)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]
+G(x1, w1)G(x3, w2)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(w3, z)G(x4, w)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]
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+G(x1, w1)G(x4, w2)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(x3, z)G(w3, w)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]
+G(x1, x)G(x5, y)G(x2, z)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]G(w,w1)G(x3, w2)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x2, w2)Γ[w1, w2, w3]G(x1, x)G(w3, y)G(x3, z)G(x4, w)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]
+G(x1, x)G(x5, y)G(x3, z)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]G(x2, w1)G(w,w2)G(x4, w3)Γ[w1, w2, w3]
+G(x5, w1)G(x3, w2)G(z, w3)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x4, w)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]
+G(x1, x)G(x5, y)G(x4, z)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]G(x2, w1)G(x3, w2)G(w,w3)Γ[w1, w2, w3]
+G(x5, w1)G(x4, w2)G(w,w3)Γ[w1, w2, w3]G(x1, x)G(x2, y)G(x3, z)Γ[x, w, y
′]G(y′, z′)Γ[y, z, z′]
+G(x1, w1)G(x5, w1)Γ[w1, w2, w3]G(w2, x)G(x2, y)Γ[x, y, z]G(z, w)G(x3, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x1, w1)G(x5, w2)Γ[w1, w2, w3]G(w3, x)G(x3, y)Γ[x, y, z]G(x2, w)G(z, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x1, w1)G(x5, w2)Γ[w1, w2, w3]G(w3, x)G(x4, y)Γ[x, y, z]G(x2, w)G(x3, y
′)G(z, z′)Γ[w, y′, z′]
+G(x1, w1)G(x2, w2)Γ[w1, w2, w3]G(x5, x)G(w3, y)Γ[x, y, z]G(z, w)G(x3, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x1, w1)Γ[w1, w2, w3]G(x5, x)G(x2, y)G(w3, z)Γ[x, y, z]G(w2, w)G(x3, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x5, w1)G(x2, w2)Γ[w1, w2, w3]G(x1, x)G(x3, y)Γ[x, y, z]G(w3, w)G(z, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x5, w1)G(x2, w2)Γ[w1, w2, w3]G(x1, x)G(x4, y)Γ[x, y, z]G(w3, w)G(x3, y
′)G(z, z′)Γ[w, y′, z′]
+G(x1, w1)G(x2, w2)Γ[w1, w2, w3]G(x5, x)G(x3, y)Γ[x, y, z]G(w3, w)G(z, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x1, w1)Γ[w1, w2, w3]G(x5, x)G(x3, y)G(w3, z)Γ[x, y, z]G(x2, w)G(w2, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x5, w1)G(z, w2)Γ[w1, w2, w3]G(x1, x)G(x3, y)Γ[x, y, z]G(x2, w)G(w3, y
′)G(x4, z
′)Γ[w, y′, z′]
+G(x5, w1)G(x3, w2)Γ[w1, w2, w3]G(x1, x)G(x4, y)Γ[x, y, z]G(x2, w)G(w3, y
′)G(z, z′)Γ[w, y′, z′]
+G(x1, w1)G(x2, w2)Γ[w1, w2, w3]G(x5, x)G(x4, y)Γ[x, y, z]G(w3, w)G(x3, y
′)G(z, z′)Γ[w, y′, z′]
+G(x1, w1)Γ[w1, w2, w3]G(x5, x)G(x4, y)G(w3, z)Γ[x, y, z]G(x2, w)G(x3, y
′)G(w2, z
′)Γ[w, y′, z′]
+G(x5, w1)G(x4, w2)Γ[w1, w2, w3]G(x1, x)G(x3, y)Γ[x, y, z]G(x2, w)G(z, y
′)G(w3, z
′)Γ[w, y′, z′]
+G(x5, w1)G(z, w2)Γ[w1, w2, w3]G(x1, x)G(x4, y)Γ[x, y, z]G(x2, w)G(x3, y
′)G(w3, z
′)Γ[w, y′, z′]]
(14)
which is the expression of the 5-point connected green’s function G(x1, x2, x3, x4, x5) of gluon
in coordinate space in terms of the 5-point 1PI vertex function Γ[x1, x2, x3, x4, x5] and the
4-point 1PI vertex function Γ[x1, x2, x3, x4] and the 3-point 1PI vertex function Γ[x1, x2, x3]
and the (full) propagator G(x1, x2) at all orders in coupling constant in QCD.
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V. 5-POINT CONNECTED GREEN’S FUNCTION AND THE 5-POINT, 4-
POINT AND 3-POINT 1PI PROPER VERTEX FUNCTIONS OF GLUON IN MO-
MENTUM SPACE
In this section we perform the calculation in the momentum space and express the 5-point
connected green’s function G(k1, k2, k3, k4, k5) of gluon in terms of the 5-point 1PI proper
vertex function Γ¯[k1, k2, k3, k4, k5] and the 4-point 1PI proper vertex function Γ¯[k1, k2, k3, k4]
and the 3-point 1PI proper vertex function Γ¯[k1, k2, k3] and the (full) propagator G(k) at all
orders in coupling constant in QCD.
Note that since the sum of total momentum is zero in the 1PI vertex function, the n-point
1PI vertex function Γ[k1, k2, ..., kn] in momentum space is related to the n-point 1PI proper
vertex function Γ¯[k1, k2, ..., kn] via the relation
Γ[k1, k2, ..., kn] = δ
(4)(k1 + k2 + ... + kn) Γ¯[k1, k2, ..., kn]. (15)
Hence in the path integral formulation of QCD we find from eqs. (10), (15) and (14) that
[G(k1)]
−1[G(k2)]
−1[G(k3)]
−1[G(k4)]
−1[G(k5)]
−1G(k1, k2, k3, k4, k5) = δ
(4)(k1 + k2 + k3 + k4 + k5)
×[Γ¯[k1, k2, k3, k4, k5]
+Γ¯[k1, k5,−k1 − k5]G(−k1 − k5)Γ¯[k1 + k5, k2, k3, k4]
+Γ¯[k1, k2,−k1 − k2]G(−k1 − k2)Γ¯[k5, k1 + k2, k3, k4]
+Γ¯[k1, k3,−k1 − k3]G(−k1 − k3)Γ¯[k5, k2, k1 + k3, k4]
+Γ¯[k1, k4,−k1 − k4]G(−k1 − k4)Γ¯[k5, k2, k3, k1 + k4]
+Γ¯[−k3 − k4, k3, k4]G(−k3 − k4)Γ¯[k1, k5, k2, k3 + k4]
+Γ¯[k5, k2,−k5 − k2]G(−k5 − k2)Γ¯[k1, k5 + k2, k3, k4]
+Γ¯[k2,−k2 − k4, k4]G(−k2 − k4)Γ¯[k1, k5, k3, k2 + k4]
+Γ¯[k5, k3,−k5 − k3]G(−k5 − k3)Γ¯[k1, k2, k5 + k3, k4]
+Γ¯[k2, k3,−k2 − k3]G(−k2 − k3)Γ¯[k1, k5, k4, k2 + k3]
+Γ¯[k5, k4,−k5 − k4]G(−k5 − k4)Γ¯[k1, k2, k3, k5 + k4]
+Γ¯[k1, k5,−k1 − k5]G(−k1 − k5)Γ¯[k1 + k5, k2, k3 + k4]G(−k3 − k4)Γ¯[−k3 − k4, k3, k4]
+Γ¯[k1, k2,−k1 − k2]G(−k1 − k2)Γ¯[k5, k1 + k2, k3 + k4]G(−k3 − k4)Γ¯[−k3 − k4, k3, k4]
+Γ¯[k1, k3,−k1 − k3]G(−k1 − k3)Γ¯[k5, k2,−k5 − k2]G(k5 + k2)Γ¯[k5 + k2, k1 + k3, k4]
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+Γ¯[k1, k4,−k1 − k4]G(−k1 − k4)Γ¯[k5, k2,−k5 − k2]G(k5 + k2)Γ¯[k5 + k2, k3, k1 + k4]
+Γ¯[−k3 − k4, k3, k4]G(k3 + k4)Γ¯[k1, k5,−k1 − k5]G(k1 + k5)Γ¯[k1 + k5, k2, k3 + k4]
+Γ¯[k5, k2,−k5 − k2]G(−k5 − k2)Γ¯[k1, k5 + k2, k3 + k4]G(−k3 − k4)Γ¯[−k3 − k4, k3, k4]
+Γ¯[k2,−k2 − k4, k4]G(k2 + k4)Γ¯[k1, k5,−k1 − k5]G(k1 + k5)Γ¯[k1 + k5, k3, k2 + k4]
+Γ¯[k5, k3,−k5 − k3]G(−k5 − k3)Γ¯[k1, k2,−k1 − k2]G(k1 + k2)Γ¯[k1 + k2, k5 + k3, k4]
+Γ¯[k2, k3,−k2 − k3]G(k2 + k3)Γ¯[k1, k5,−k1 − k5]G(k1 + k5)Γ¯[k1 + k5, k4, k2 + k3]
+Γ¯[k5, k4,−k5 − k4]G(−k5 − k4)Γ¯[k1, k2,−k1 − k2]G(k1 + k2)Γ¯[k1 + k2, k3, k5 + k4]
+Γ¯[k1, k5,−k1 − k5]G(k1 + k5)Γ¯[k1 + k5, k3, k2 + k4]G(−k2 − k4)Γ¯[k2,−k2 − k4, k4]
+Γ¯[k1, k2,−k1 − k2]G(−k1 − k2)Γ¯[k5, k3,−k5 − k3]G(k5 + k3)Γ¯[k1 + k2, k5 + k3, k4]
+Γ¯[k1, k3,−k1 − k3]G(k1 + k3)Γ¯[k5, k1 + k3, k2 + k4]G(−k2 − k4)Γ¯[k2,−k2 − k4, k4]
+Γ¯[k1, k4,−k1 − k4]G(k1 + k4)Γ¯[k5, k3,−k5 − k3]G(k5 + k3)Γ¯[k2, k5 + k3, k1 + k4]
+Γ¯[−k3 − k4, k3, k4]G(k3 + k4)Γ¯[k1, k2,−k1 − k2]G(k1 + k2)Γ¯[k5, k1 + k2, k3 + k4]
+Γ¯[k5, k2,−k5 − k2]G(k5 + k2)Γ¯[k1, k3,−k1 − k3]G(k1 + k3)Γ¯[k5 + k2, k1 + k3, k4]
+Γ¯[k2,−k2 − k4, k4]G(−k2 − k4)Γ¯[k1, k3,−k1 − k3]G(k1 + k3)Γ¯[k5, k1 + k3, k2 + k4]
+Γ¯[k5, k3,−k5 − k3]G(−k5 − k3)Γ¯[k1, k5 + k3, k2 + k4]G(−k2 − k4)Γ¯[k2,−k2 − k4, k4]
+Γ¯[k2, k3,−k2 − k3]G(−k2 − k3)Γ¯[k1, k4,−k1 − k4]G(−k1 − k4)Γ¯[k5, k1 + k4, k2 + k3]
+Γ¯[k5, k4,−k5 − k4]G(k5 + k4)Γ¯[k1, k3,−k1 − k3]G(k1 + k3)Γ¯[k2, k1 + k3, k5 + k4]
+Γ¯[k1, k5,−k1 − k5]G(−k1 − k5)Γ¯[k1 + k5, k4, k2 + k3]G(−k2 − k3)Γ¯[k2, k3,−k2 − k3]
+Γ¯[k1, k2,−k1 − k2]G(−k1 − k2)Γ¯[k5, k4,−k5 − k4]G(k5 + k4)Γ¯[k1 + k2, k3, k5 + k4]
+Γ¯[k1, k3,−k1 − k3]G(k1 + k3)Γ¯[k5, k4,−k5 − k4]G(−k5 − k4)Γ¯[k2, k1 + k3, k5 + k4]
+Γ¯[k1, k4,−k1 − k4]G(k1 + k4)Γ¯[k5, k1 + k4, k2 + k3]G(−k2 − k3)Γ¯[k2, k3,−k2 − k3]
+Γ¯[−k3 − k4, k3, k4]G(−k3 − k4)Γ¯[k1, k3 + k4, k5 + k2]G(−k5 − k2)Γ¯[k5, k2,−k5 − k2]
+Γ¯[k5, k2,−k5 − k2]G(k5 + k2)Γ¯[k1, k4,−k1 − k4]G(k1 + k4)Γ¯[k5 + k2, k3, k1 + k4]
+Γ¯[k2,−k2 − k4, k4]G(−k2 − k4)Γ¯[k1, k2 + k4, k5 + k3]G(−k5 − k3)Γ¯[k5, k3,−k5 − k3]
+Γ¯[k5, k3,−k5 − k3]G(−k5 − k3)Γ¯[k1, k4,−k1 − k4]G(k1 + k4)Γ¯[k2, k5 + k3, k1 + k4]
+Γ¯[k2, k3,−k2 − k3]G(−k2 − k3)Γ¯[k1, k2 + k3, k5 + k4]G(−k5 − k4)Γ¯[k5, k4,−k5 − k4]
+Γ¯[k5, k4,−k5 − k4]G(−k5 − k4)Γ¯[k1, k5 + k4, k2 + k3]G(−k2 − k3)Γ¯[k2, k3,−k2 − k3]
+Γ¯[k1,−k1 − k5, k5]G(k1 + k5)Γ¯[k1 + k5, k2, k3 + k4]G(−k3 − k4)Γ¯[−k3 − k4, k3, k4]
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+Γ¯[k1, k5,−k1 − k5]G(k1 + k5)Γ¯[k1 + k5, k3, k2 + k4]G(−k2 − k4)Γ¯[k2,−k2 − k4, k4]
+Γ¯[k1, k5,−k1 − k5]G(k1 + k5)Γ¯[k1 + k5, k4, k2 + k3]G(−k2 − k3)Γ¯[k2, k3,−k2 − k3]
+Γ¯[k1, k2,−k1 − k2]G(k1 + k2)Γ¯[k5, k1 + k2, k3 + k4]G(−k3 − k4)Γ¯[−k3 − k4, k3, k4]
+Γ¯[k1, k3 + k4, k5 + k2]G(−k5 − k2)Γ¯[k5, k2,−k5 − k2]G(−k3 − k4)Γ¯[−k3 − k4, k3, k4]
+Γ¯[k5, k2,−k5 − k2]G(k5 + k2)Γ¯[k1, k3,−k1 − k3]G(k1 + k3)Γ¯[k5 + k2, k1 + k3, k4]
+Γ¯[k5, k2,−k5 − k2]G(k5 + k2)Γ¯[k1, k4,−k1 − k4]G(k1 + k4)Γ¯[k5 + k2, k3, k1 + k4]
+Γ¯[k1, k2,−k1 − k2]G(k1 + k2)Γ¯[k5, k3,−k5 − k3]G(k5 + k3)Γ¯[k1 + k2, k5 + k3, k4]
+Γ¯[k1, k2 + k4, k5 + k3]G(−k5 − k3)Γ¯[k5, k3,−k5 − k3]G(−k2 − k4)Γ¯[k2,−k2 − k4, k4]
+Γ¯[k5, k1 + k3, k2 + k4]G(k1 + k3)Γ¯[k1, k3,−k1 − k3]G(−k2 − k4)Γ¯[k2,−k2 − k4, k4]
+Γ¯[k5, k3,−k5 − k3]G(−k5 − k3)Γ¯[k1, k4,−k1 − k4]G(−k1 − k4)Γ¯[k2, k5 + k3, k1 + k4]
+Γ¯[k1, k2,−k1 − k2]G(k1 + k2)Γ¯[k5, k4,−k5 − k4]G(k5 + k4)Γ¯[k1 + k2, k3, k5 + k4]
+Γ¯[k1, k2 + k3, k5 + k4]G(−k5 − k4)Γ¯[k5, k4,−k5 − k4]G(−k2 − k3)Γ¯[k2, k3,−k2 − k3]
+Γ¯[k5, k4,−k5 − k4]G(k1 + k3)Γ¯[k1, k3,−k1 − k3]G(k5 + k4)Γ¯[k2, k1 + k3, k5 + k4]
+Γ¯[k5, k1 + k4, k2 + k3]G(k1 + k4)Γ¯[k1, k4,−k1 − k4]G(−k2 − k3)Γ¯[k2, k3,−k2 − k3] ] (16)
which is the expression of the 5-point connected green’s function G(k1, k2, k3, k4, k5) of gluon
in momentum space in terms of the 5-point 1PI proper vertex function Γ¯[k1, k2, k3, k4, k5]
and the 4-point 1PI proper vertex function Γ¯[k1, k2, k3, k4] and the 3-point 1PI proper vertex
function Γ¯[k1, k2, k3] and the (full) propagator G(k) at all orders in coupling constant in
QCD.
VI. 5-POINT 1PI PROPER VERTEX FUNCTION OF GLUON AND THE S-
MATRIX ELEMENT FOR gg → ggg SCATTERING PROCESS AT ALL ORDERS
IN COUPLING CONSTANT
In this section we use eq. (16) in the LSZ reduction formula to express the S-matrix
element for the gluonic scattering process gg → ggg at all orders in coupling constant
in QCD in terms of 5-point, 4-point, 3-point 1PI proper vertex functions and the (full)
propagator by using the path integral formulation of QCD.
Consider the 2→ 3 gluonic scattering process gg → ggg in QCD given by
k1 + k2 → k
′
1 + k
′
2 + k
′
3 (17)
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where k1, k2 are the four-momenta of the two incoming gluons and k
′
1, k
′
2, k
′
3 are the four-
momenta of three outgoing gluons. The initial (final) state is given by
|i >= |k1, k2 >, |f >= |k
′
1, k
′
2, k
′
3 > . (18)
Using the LSZ reduction formula, the S-matrix element for the gg → ggg scattering process
in eq. (17) at all orders in coupling constant in QCD is given by
< f |i >= [G(−k′1)]
−1[G(−k′2)]
−1[G(−k′3)]
−1[G(k2)]
−1[G(k1)]
−1G(−k′1,−k
′
2,−k
′
3, k1, k2)
(19)
where G(k) is the renormalized (full) propagator of gluon in momentum space and
G(k1, k2, k3, k4, k5) is the renormalized 5-point connected green’s function of gluon in mo-
mentum space. Note that as mentioned in eq. (4), for simplicity, we have included the finite
factors such as the relevant sum over polarization vectors and color factors in the partonic
cross section
σˆ ∝ | < f |i > |2 (20)
instead of the S-matrix element in eq. (19) so that the S-matrix element in eq. (19) is
expressed in terms of the green’s functions only.
By using eq. (16) in (19) we find the expression of the S-matrix element for the scattering
process gg → ggg at all orders in coupling constant in QCD in terms of 5-point, 4-point,
3-point 1PI proper vertex functions and the (full) propagator by using the path integral
formulation of QCD.
The path integral procedure we have outlined above is suitable for the simultaneous study
of renormalization of ultra violet (UV) divergences and factorization of infrared (IR) and
collinear divergences at all orders in coupling constant in QCD.
The above technique can also be extended to the closed-time path integral formalism in
non-equilibrium QCD [8] to study partonic scattering cross sections at all orders in coupling
constant in the non-equilibrium quark-gluon plasma [9–12] at RHIC and LHC.
VII. CONCLUSIONS
As far as the renormalization in perturbative QCD is concerned the n-point one particle
irreducible (1PI) proper vertex function is the basic building block where the ultra-violet
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(UV) divergence occurs when the loop momentum integration limit goes to infinity. In this
paper we have expressed the S-matrix element for the gg → ggg scattering process at all
orders in coupling constant in terms of 5-point, 4-point, 3-point 1PI proper vertex functions
and the (full) propagator by using the path integral formulation of QCD.
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